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Classical and quantum world views differ in peculiar ways. Understanding decisive quantum fea-
tures – for which no classical explanation exist – and their interrelations is of foundational interest.
Moreover, recognizing non-classical features carries practical significance in information processing
tasks as it offers insights as to why quantum protocols work better than their classical counter-
parts. We focus here on two celebrated notions of non-classicality viz., negativity of P phase-space
representation and entanglement in symmetric multiqubit systems. We prove that they imply each
other.
PACS numbers: 03.65.-w, 03.67.Mn
I. INTRODUCTION
Contrast between quantum and classical conceptions of
nature remains to be an enigmatic topic from the early
days of quantum theory. Identifying hall-mark demar-
cations between the two descriptions continues to draw
intensive attention. Gaining insights into the distinct fea-
tures of the two theories attain fundamental significance
in quantum information science as it is crucial to know
why/how several quantum information protocols outper-
form the corresponding classical ones.
Departure of the P phase space representation [1] from
being a true classical probability density function offers
a decisive signature of non-classicality in single mode
bosonic systems. Yet another striking aspect projected
out by the quantum world view is non-classical correla-
tions in composite systems. It is important to explore
if these two illustrious notions of non-classicality are in-
terwoven with each other. However, it has been shown
recently that the two concepts disagree maximally in
bosonic systems [2]. In this paper we prove that clas-
sicality implied by positive P representation for spins [3]
and separability [4] imply each other in symmetric mul-
tiqubit systems.
P representation allows a decomposition of the spin
density matrix as a weighted sum of spin coherent states
(or SU(2) coherent states) [3]. Classicality of spin states,
based on well behaved P representation (i.e., P function
obeying the properties of a true probability density) has
been explored by Giraud et. al. [5]. Luis and Rivas [6]
showed that spin squeezing [7] manifestly reflects the
failure of P function to be a classical probability den-
sity. Simple operational procedures revealing the viola-
tion of classical statistical bounds by spin states endowed
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with non-classical P representation were also derived in
Ref. [6]. Besides studying the non-classicality of single
spin systems, Giraud et. al. [5] also explored the im-
plications of P representation on quantum correlations
in bipartite spin systems. They showed that a compos-
ite system consisting of two qubits is separable if and
only if their P function is positive. However, in the case
of a coupled system consisting of spin-1/2 and spin-1,
it was shown [5] that separable states can exhibit non-
classicality (non-positive or singular P function). Here,
we confine our attention to permutation symmetric mul-
tiqubit states and show that non-classicality implies en-
tanglement and vice versa.
II. THE P REPRESENTATION OF QUANTUM
ELECTROMAGNETIC FIELD
In 1963, Sudarshan and Glauber introduced the cel-
ebrated diagonal coherent state representation or the P
representation [1] to characterize states of quantized ra-
diation fields in terms of a classical phase-space like de-
scription. In this representation the density matrix ρˆ is
expressed in terms of a classical function P (α)
ρˆ =
∫
d2αP (α) |α〉〈α|. (1)
where |α〉 = Dˆ(α)|0〉 = e−|α|2/2
∞∑
n=0
αn√
n!
|n〉, are coher-
ent states of light; Dˆ(α) = eaˆ
†α−aˆα denotes the displace-
ment operator and |0〉 is the vacuum state of the radiation
field.
The P phase-space representation reproduces statisti-
cal averages of normally ordered operators in a classically
equivalent manner. However, P-function cannot be inter-
preted as classical probability density as it can assume
negative values or is more singular than delta function for
2non-classical radiation states. This feature brings forth
the inevitability of a fully quantum description.
For coherent states of radiation ρˆ = |α′〉〈α′|, the P
function is a delta function i.e., P (α) = δ(α − α′).
This leads to the interpretation that coherent states
allow for as classical a description as possible. The
P-function of convex mixtures of coherent states ρˆ =∑
i pi |αi〉〈αi|, 0 ≤ pi ≤ 1,
∑
i pi = 1 is given by
P (α) =
∑
i pi δ(α−αi) and such a mixture is also classi-
cal by the same token. The P representation of radiation
has led to well corroborated notions of non-classicality.
III. SPIN COHERENT STATE
REPRESENTATION
Along similar lines of the phase space distribution func-
tions for radiation states, Arecchi et. al. [3] introduced
an analog of diagonal spin coherent state representation:
ρˆ =
∫
dΩP (θ, φ) |θ, φ〉 〈θ, φ|, (2)
where dΩ = sin θdθ dφ; |θ, φ〉 denote the spin coherent
states (SCS)
|θ, φ〉 = exp(τSˆ+ − τ∗ S−) |S,−S〉, τ = 1
2
θ e−iφ. (3)
Here Sˆ± = Sˆx ± iSˆy are ladder spin operators;
{|S, M〉,−S ≤M ≤ S} denote simultaneous eigen states
of the squared spin operator Sˆ2 and z component of spin
Sˆz.
Identifying [8] that exp (τSˆ+−τ∗ S−) = Rˆ(φ−π, θ, π−
φ) = e−(φ−pi) Sˆz e−θ Sˆy e−(pi−φ) Sˆz , with (φ − π, θ, π − φ)
denoting the Euler angles of rotation, the spin coherent
states can be expressed as
|θ, φ〉 = Rˆ(φ − π, θ, π − φ) |S,−S〉
=
S∑
M=−S
DSM,−S(φ− π, θ, π − φ) |S,M〉
=
S∑
M=−S
√(
2S
S +M
)(
cos
θ
2
)S−M (
sin
θ
2
)S+M
e−i(S+M)φ|S,M〉, (4)
where DSM,−S(φ − π, θ, π − φ) = 〈S,M |Rˆ(φ − π, θ, π −
φ)|S,−S〉 denotes the Wigner D-function [8].
The unit trace condition Tr[ρˆ] = 1 leads to (see Eq. (2))∫
dΩP (θ, φ) = 1, (5)
as spin coherent states are normalized: 〈θ, φ|θ, φ〉 = 1.
However, the P function is not ensured to be a bonafide
statistical probability density – and hence it leads to no-
tions of non-classicality of spin states [5, 6].
Any arbitrary pure state of a qubit (spin-1/2 system)
|ψ〉 = cos(Θ/2) e−iΦ|0〉 + sin(Θ/2) eiΦ|1〉 is a spin co-
herent state as it can always be expressed as a rotated
”spin down state” |ψ〉 = Rˆ(π − Φ, π + Θ,Φ − π)|1〉 ≡
|π + Θ,−Φ〉. And the P function of a pure qubit state
is readily identified to be, Pψ(θ, φ) = δ(θ − θ′)δ(φ − φ′);
θ′ = π + Θ, φ′ = −Φ. In other words, pure state of a
qubit is classical because its P function is positive.
Further, any mixed state of a qubit can be expressed
in terms of its spectral decomposition
ρˆ = p |ψ〉〈ψ|+ (1− p) |ψ⊥〉〈ψ⊥|
= p |θ′, φ′〉〈θ′, φ′|+ (1 − p)|θ′′, φ′′〉〈θ′′, φ′′| (6)
which brings forth a convex decomposition of the density
matrix in terms of spin coherent states. Corresponding
P function is easily identified to be
P (θ, φ) ≡ p δ(θ− θ′)δ(φ−φ′)+ (1− p) δ(θ− θ′′)δ(φ−φ′′)
(7)
with 0 ≤ p ≤ 1. In other words, a qubit is classical as it
is always P representable [5]. This observation indicates
that non-classicality in a system of qubits could be essen-
tially attributed to quantum correlations amongst qubits.
We proceed further to prove that this is indeed the case,
when symmetric multiqubit systems are concerned.
IV. NON-CLASSICALITY OF SYMMETRIC N
QUBIT SYSTEMS
For a system of N qubits, the collective spin operators
Sˆµ, (µ = x, y, z) are expressed in terms of N = 2S Pauli
spin operators 12 σiµ,
Sˆµ =
1
2
N∑
i=1
σiµ, µ = x, y, z (8)
3and the collective angular momentum eigenstates {|S =
N/2,M〉, −S ≤M ≤ S}, the common eigenstates of Sˆ2
and Sˆz correspond to the maximal value of total angular
momentum resulting in the addition of N spin-1/2 con-
stituents. This (2S + 1) = N + 1 dimensional subspace
of 2N dimensional Hilbert space of N spin-1/2 particles
(qubits) corresponds to permutation symmetric states of
N qubits. Any arbitrary state |Ψ〉 = ∑SM=−S CM |S =
N/2,M〉 in this subspace is a symmetric multiqubit state.
In terms of the constituent qubit states, the spin co-
herent state is expressed as,
|θ, φ〉 = Rˆ(φ − π, θ, π − φ) |S,−S〉
= Rˆ(φ− π, θ, π − φ)⊗ Rˆ(φ− π, θ, π − φ)⊗ · · · ⊗ Rˆ(φ− π, θ, π − φ)|1, 1, · · · , 1〉
= |1(θ,φ), 1(θ,φ), · · · 1(θ,φ)〉 (9)
where Rˆ(φ − π, θ, π − φ) is the rotation operator on in-
dividual qubits and |1(θ,φ)〉 = Rˆ(φ − π, θ, π − φ)|1〉 is a
rotated ”spin-down” qubit state.
The P-representation of symmetricN -qubit states thus
assumes the form,
ρˆsym(N) =
∫
dΩP (θ, φ) |θ, φ〉 〈θ, φ|
=
∫
dΩP (θ, φ) ρˆ(θ,φ) ⊗ ρˆ(θ,φ) ⊗ . . .⊗ ρˆ(θ,φ)
(10)
where ρˆ(θ,φ) = |1(θ,φ)〉〈1(θ,φ)|. It is clear that if P (θ, φ) is
positive, the symmetric multiqubit state ρˆsym admits a
separable decomposition. Conversely, we show that the
set of all separable symmetric multiqubit states exhibit
a positive P representation.
Separable symmetric N -qubit states have the form,
ρˆ(sep)sym (N) =
∑
w
pw ρˆw ⊗ ρˆw ⊗ . . .⊗ ρˆw (11)
where
∑
i pw = 1, 0 ≤ pw ≤ 1 and ρw denotes the con-
stituent single qubit density matrices:
ρw =
1
2
[I +
∑
µ=x,y,z
σµ swµ]. (12)
Positivity of the density matrix ρw requires that the
real parameters swµ = Tr[ρˆw σµ] obey the condition∑
µ s
2
wµ = s
2
wx+s
2
wy+s
2
wz ≤ 1 – equality holds when the
density matrix is pure. We continue now to prove that
the constituent qubit density matrices ρˆw are all pure.
We consider a two qubit reduced system of a symmetric
separable state ρˆ
(sep)
sym (N), by tracing over all the other
qubits:
̺(sep)sym (2) =
∑
w
pw ρˆw ⊗ ρˆw. (13)
Comparing (13) with the general structure of an arbitrary
symmetric two qubit density matrix [9]
ρsym(2) =
1
4
[
I ⊗ I +
∑
µ=x,y,z
sµ σµ ⊗ I +
∑
µ=x,y,z
sµ(I ⊗ σµ ) +
∑
µ,ν=x,y,z
tµ ν σµ ⊗ σν
]
(14)
where
sµ = Tr[ρsym(2)σµ ⊗ I] = Tr[ρsym(2) I ⊗ σµ]
tµν = Tr[ρsym(2)σµ ⊗ σν ] = Tr[ρsym(2)σν ⊗ σµ] = tνµ
are the real parameters characterizing the two qubit sym-
metric density matrix. The correlation parameters tµν of
a symmetric two qubit state obey the following condi-
tion [9]: ∑
µ
tµµ = 1, (15)
and this condition plays a crucial role in identifying that
the constituent qubit density matrices ρˆw of a separable
symmetric state (11) are pure.
It is easy to find that in a separable symmetric two
qubit state (13), the parameters sµ and tµν are given by,
sµ =
∑
w
pw swµ, tµν =
∑
w
pw swµ swν (16)
4and the condition (15) implies that
∑
µ
tµµ =
∑
w
pw
{∑
µ
s2wµ
}
= 1⇒
∑
µ
s2wµ = 1. (17)
In other words, the single qubit density matrices ρˆw
of a separable symmetric multiqubit system are pure.
This, in turn, would lead us to identify that ρˆw =
|1(θw,φw)〉〈1(θw,φw)| as all single qubit pure states are spin
coherent states themselves. Thus, we identify that sepa-
rable N qubit symmetric states admit a convex decom-
position in terms of spin coherent states:
ρˆ(sep)sym (N) =
∑
w
pw ρˆ(θw,φw) ⊗ ρˆ(θw,φw) ⊗ . . .⊗ ρˆ(θw,φw)
=
∑
w
pw |θw, φw〉〈θw, φw|. (18)
It is easy to recognize that the P function of separable
symmetric multiqubit state is a well behaved convex sum:
P (θ, φ) =
∑
w
pw δ(θw − θ) δ(φw − φ). (19)
Entangled symmetric multiqubit states cannot be de-
composed as mixtures of coherent states with positive
weights as in (18), are non-classical. More specifically,
entanglement manifests itself in terms of non-positive P
function in symmetric multiqubit states.
V. CONCLUDING REMARKS
Understanding non-classicality of a quantum system
has been of foundational significance from the early days
of quantum theory and it has gained rekindled interest in
recent years owing to path-breaking implications in quan-
tum information science. Clear conceptual demarcations
that reflect the inevitablity of quantum description – with
no classical analogue – gains utmost significance from this
point of view. Two celebrated notions that address the
issue are non-classicality based on P phase space rep-
resentation and non-classical correlations in composite
systems discerned via established concepts from quan-
tum information theory. A comparison of these two ap-
proaches in bosonic systems revealed maximal inequiva-
lence in continuous variable systems [2]. This motivated
our investigation in symmetric multiqubit systems. We
have identified here that the notion of non-classicality
arising from a ill behaved P representation is synony-
mous with entanglement in symmetric multiqubits.
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